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Introduction

Why linear arithmetic 7

e Used natively in programs
e Used in formalization of compiler optimizations

e Decidable
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Loop Optimization

Simple loop
for (i=1;i<=10;i++)
alj+il=aljls

Optimized loop

tmp = a[j];
for (i=1;i<=10;i++)
a[j+i]=tmp;

FVieZ,1<i<10=j#j+i
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Goals

Prove two kinds of formulas:

e Universally quantified:
Yuvw € Z,2u+v+w =10 Nu+2v+w=10=w #0

e Existentially quantified: Ix € Q.x > 0 A x > 42
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The Simplex Algorithm




General form

A linear system in general form has two types of constraints :

1. Equations of the form : v =), a;x;, aj € Q
2. Bounds on variables : ; <v < uj, l;,ui € QU {—o00, +00}
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General form

A linear system in general form has two types of constraints :

1. Equations of the form : v =), a;x;, aj € Q
2. Bounds on variables : ; <v < uj, l;,ui € QU {—o00, +00}

The simplex returns:

e either a solution for the system

e or an unsatisfiability certificate
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Unsatisfiability Explanation

An unsatisfiability certificate for a system S is a deducible linear
expression x = » . ajy;, that verifies:

e There exists bsit. x> be S
o There exist [;, u; s.t. for all
e ifa;>0then y; <u; €S
e ifa;<0,theny;, >/ €S

° Za,->0 ajuj + Za,-<0 ail; < b

So that:

ng:Za;y;+Za;y;§Za;uyi+2a;l,<b

a;i>0 a;<0 a;<0 a;i>0
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The Tableau Method




Closure and Analytical Rules

1 P,-P
OF} o) ® o
an PAQ PV Q

P,Q hp—a
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Rules for quantifiers

5 —Vx, P(x)
P(e(x)-P(x)) TSP (e(x).=P(x))

Vx, P(x) —3x, P(x)
P(X) TR
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Unsat Systems




Unsat Rules — Pre-processing

aib a=>t
Const o) Const o)

A /
Eq—e=¢ ete Neg —ed €’
Ne —=
e<e,e<fe q e< e e> ¢ e e

e<f e>f

Int—LtieSf_l Int-GtiezfJrl

e {<, <, >, >}
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Unsat Rules — Simplex Explanations

e c
Var S—esxcC s fresh

e1=0,...,e,=0 .
5 n Vi,a; € Q
Z,.Zla,-e,-zo

Simplex-lin

X < uilj € NT.x5 > [lj € NTox =3 e prun- 2% a; >0, € Nt

Leq . —
x < ZjeN* ajuj + ZjeN* aJ'/j a<0,jeN

/
’

- x<kx> , .
Conflict ———7——— k < k" numeric constants
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Branch & Bound

e Run the simplex algorithm on S.
e If the system is unsatisfiable, return UNSAT
e If the system has a solution :

e If a non-integer value v is assigned to a variable x, call the
branch-and-bound twice, with the systems, SU{x < |v]} and
SU{x > |v] + 1}. If both are unsat, then return UNSAT

e If all the variables have an integer assignment, return SAT

New inference rule :

Branchxgk ka—i—lkEZ
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~Vuvw € Z,2u+v+w=10Au+2v+w=10=w #0
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—VYuvw € Z,2u+v+w=10Au+2v+w=10=w #0

E .
g 2¢g+ €1+ e < 10,269 + €1 + €2 > 10
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—Vuvw € Z,2u+v+w=10Au+2v+w=10=w #0

E .
Vq 2¢g + €1+ e < 10,269 + €1 + €2 > 10
o a=2e +e+€,a<10
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—Yuvw € Z,2u+v+w=10Au+2v+w=10=w #0

Eq

260+ €1+ e < 10,-260+€1+€2 > 10
a=2¢+e+e,a<10
b=2e +€1+¢€,b>10

ar

Var
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—VYuvw € Z,2u+v+w =100 ANu+2v+w=10=w #0

g 2¢g + €1+ e < 10,269 + €1 + €2 > 10
o a=2e+e+€,a<10
b=2e + €1+ ¢e,b>10

€0+ 2¢1 + e < 10,¢0 + 261 + €2 > 10

Var
Eq
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—Yuvw € Z,2u+v+w=10Au+2v+w=10=w #0

E .

g 2¢g + €1+ e < 10,2¢9 + €1 + €2 > 10
o v a=2¢+e+e,a<10

= o b=2e +€1+¢€,b>10

g €0+ 2¢1 + €2 < 10,€9 + 2¢1 + €2 > 10
c=¢€y+ 261 +6€,c <10
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—VYuvw € Z,2u+v+w=10Au+2v+w=10=w #0

E .
g 2¢g + €1 + €2 < 10,269 + €1 + €2 > 10
Var
v a=2e+e1+6,a<10
. arb:2€0+61+62,b210

g €0+ 2¢1 + e < 10,¢0 + 261 + €2 > 10
c=¢€y+ 2 +€,c <10
d=¢ey+ 21 +e,d>10

Var
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—Vuvw € Z,2u+v+w=10Au+2v+w=10=w #0

Vaqr 2¢g + €1+ e < 10,2¢9 + €1 + €2 > 10
a=2e+e+€,a<10
b=2e+€1+€,b>10

€0+ 2¢1 + e < 10,¢0 + 261 + €2 > 10
c=¢€y+ 2 +e,c <10

Var

Eq

V.
Ea' d=eo+ 261+ e€r,d > 10
K €2 <0,e2>0
Rational Solution:
10
Eo=61:§,62=0
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—VYuvw € Z,2u+v+w=100Au+2v+w=10=w #0

\ZC: 2¢g+ €1+ €2 < 10,260 + €1 + €2 > 10
a=2¢+e+e,a<10
b=2e+¢€1+€,b>10

€0+ 2¢1 + e < 10,¢0 + 261 + €2 > 10
c=¢€y+ 261 +€,c <10
d=¢ey+ 261 +¢€,d >10

€2 <0, >0
€1 <3 €1 >4

Var
Eq

Var

Eq

Branch
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—Vuvw € Z,2u+v+w=10Au+2v+w=10=w #0

g 2¢g+ €1+ e < 10,.2€0+61+62 > 10

Var v a=2e+e+€,a<10
. o b=2e+€1+¢€,b>10
g €0+ 2¢1 + e < 10,¢0 + 261 + €2 > 10
Var
v c=¢€y+ 2 +e,c <10
;rd:€0+261—|—62,d210
5 qh €2 <0,e2>0
. T e <3 € >4
Simplex-Lin

a:2d—3€1—€2
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—VYuvw € Z,2u+v+w=10Au+2v+w=10=w #0

E .
g 2¢g+ €1+ €2 < 10,260 + €1 + €2 > 10
Var
v a=2¢+e+e,a<10
. o b=2e+ €1+ €,b>10
g €0 +2¢1 + e <10,¢0 + 261 + €2 > 10
Var
v c=¢€y+ 261 +€,c <10
Ear d=¢ey+ 261 +¢€,d >10
5 qh €2 < 0,62 >0
. T e <3 €1 >4
Simplex-Lin
a:2d—3€1—62
Geq

a>11
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—Vuvw € Z,2u+v+w=10Au+2v+w=10=w #0

E .
g 2¢g + €1+ e < 10,2¢9 4+ €1 + €2 > 10
o v a=2¢+e+e,a<10
. b =2ep+ €1 +e€2,b> 10
a €0+ 2¢1 + €2 < 10,€9 + 2¢1 + €2 > 10
Var
v c=¢€y+ 2 +6,c <10
. d=¢y+ 2 +e,d>10
5 qh €2<0,e>0
. M e <3 €1 >4
Simplex-Lin
Ge a:2d—361—62
qc it 22 1L
onflict o
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“Vuww € Z,2u4+v+w =10 ANu+2v+w=10=w #0

E .
g 2¢g + €1+ e < 10,269 + €1 + €2 > 10
o v a=2¢+e€e +e,a<10
. T h=2e0+ €1 +e€2,b>10
g €0+ 2¢1 + €2 < 10,€9 + 261 + €3 > 10
Var
v c=¢€y+ 21 +6,c <10
" d=¢€o+ 21 +e2,d> 10
Branch €2 <0,e2>0
. e <3 : : €1 >4
Simplex-Lin Simplex-Lin 1 3 1
Geq a=2d—3¢;1 — e c=3b+3e1+ 36
- a>11
Conflict ———

©
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“Vuww € Z,2u4+v+w =10 ANu+2v+w=10=w #0

E .
" egt+ e +e2<10,2g+ €1 €2 > 10
o v a=2¢+e€e +e,a<10
. b=20tateb>10
g €0+ 2¢1 + €2 < 10,€9 + 261 + €3 > 10
Var
v c=¢€y+ 21 +6,c <10
ard:€0+261+€2,d210
Branch <0, >0
. e <3 : : €1 >4
Simplex-Lin Simplex-Lin
- a=2d—3e;1 — e c=3b+3e+ 30
> Geq
Conﬂicta_ill C Z].l

©
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“Vuww € Z,2u4+v+w =10 ANu+2v+w=10=w #0

E .
g 2¢g + €1+ e < 10,269 + €1 + €2 > 10
o v a=2¢+e€e +e,a<10
. T h=2e0+ €1 +e€2,b>10
g €0+ 2¢1 + €2 < 10,€9 + 261 + €3 > 10
Var
v c=¢€y+ 21 +6,c <10
ard:€0+261+€2,d210
Branch €2 <0,e2>0
. N e <3 : : €1 >4
Simplex-Lin Simplex-Lin
a=2d—3¢; — e C:lb+§6 _|_l€
Geq 2 2€1 T 32
2211 o c>11
Coliie: T Conflict —

)
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Finding Instantiations




Problem with Instantiation

FdxeN,x>0Ax>42

—Ix eN,x >0Ax > 42
(X >0AX > 42)

17/31



Problem with Instantiation

FixeN,x>0Ax > 42

-Ix eN,x>0A x> 42

E”’ (X >0AX > 42)
X >0 —X > 42
Neg (>) ———— —=
oL X <0
X< -1
Y=3lnst

~(0>0A0 > 42)
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Problem with Instantiation

FidxeN,x>0Ax>42

S —Ix eN,x>0AXx > 42
8 B (X >0AX > 42)
NToX >0 -X > 42
Neg (>) ——~— —
L X <0
Y-3lnst XSSl
; T S(0> 010> 42)
Ne (1/; —0=0 ) SU=az
00 0<42
0<—1 0< 41
ConstT —
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Closing multiples branches

Idea: Close all open branches simultaneously

¢

P(,1) - .' » P(1,m1) E P(n,1)s - » P(n,mp)
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Closing multiples branches

Idea: Close all open branches simultaneously

¢

P(,1) - .' » P(1,m1) E P(n,1)s - -+ P(n,mp)
Satisfy a set E such that:

Vie{l,...,n},3j€{l,...,mi},~pj € E
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Definition: Covering Tree

Given a tree T labelled with set of formulas, and a set of formula
£, the set of nodes of T covered by £ is the least set of nodes n
such that :

e Either label(n) N E # () (we say the node is directly covered)

e Or all children of n are covered by £
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Definition: Covering Tree

Given a tree T labelled with set of formulas, and a set of formula
£, the set of nodes of T covered by £ is the least set of nodes n
such that :

e Either label(n) N E # () (we say the node is directly covered)

e Or all children of n are covered by £

& covers T iff it covers the root of T.
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Enumeration of covering sets

A sufficient set of covering sets for a tree 7 can be enumerated:

cover(T) ={{f} | f € label(T)} U { U si | si € cover(T[i])}

1<i<n
with

e label(7) the label of the root of T
e Ti] the i-th children of the root of 7.
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Instantiation — Example

FaxeZ,(x>0vx>1)A(x< -1V (x>-5Ax<0))
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Instantiation — Example

FaxeZ,(x>0vx>1)A(x< -1V (x>-5Ax<0))

—Ix €Z,(x>0Vx>1)A(x< -1V (x>-5Ax<0))
A(X>20VX>D)A(X<-1V(X>-5AX<0)))
(X >0vX>1)) (X <-1V(X>-5AX<0)))
(X >0),-(X >1) (X< -1),7(X>-5AX<0)

X <0 X > -1
X<-1* X>0%*
X <1 -(X>-5) —(X<0)
X<0* X < =5 X >0

X< 6% X>1%*
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Instantiation — Example

[

T

[X < —1f; X <0 [X > 0]

/N

[X < —61] [X > 11]

22/31



Instantiation — Example

[X < —1f; X <0 [X > 0]
[X < —61] [X > 11]

X <-1 X>0

- X< -6 — X > -5
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Instantiation — Example

[X < —1f; X <0 [X > 0]
[X < —6] [X > 11]

X< -1 X >0

¢ X< -6 — X > -5

X>1 X <0

Counter-example: X — 0
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Instantiation — Example

-Ix€Z,(x>0Vx>1)A(x<-1V(x>-5Ax<0))
~((0>0vV0>1)A(0< -1V (0> -5A0<0)))
-((0>0v0>1)) -((0<—-1Vv(0>-5A0<0)))
~(0>0),-(0=1) -(0<-1),-(0>-5A0<0)
0<0 ~(0>-5) —(0<0)
© 0<-5 0>0

© ©
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Benchmarks




TPTP: ARI section

Py P;ZIIJJ:? ) % Til:/eg(l) Tiﬁveg(z)
Zenon (arith.) 459 92% 0.05s 0.05 s
Princess 491 98% 434 s 452 s
Beagle 495 99% 1.37s 132s

e (1) Average time on all 500 problems

e (2) Average time on the 453 problems solved by all provers

Zenon outputs Coq proof certificates for all solved problems.
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Cumulative times

+princess
w 2000 ¥
° +
s ¥
o 1800 +
1%
= +
-qg) 1600 i
=
v 1400 - +
=] +
3 +
3 —
g 1200 .
3 +
1000 - +
800 | Wﬁ
beagle
L
600 M Mw
ol M WM
4 s zenon-arith
200 300 400 500

Number of Proved Problems 26/31



CASC 25 - Results

Vampired CVC4 | Vampire| Beagle |SPASS+T|ZenonAri Princess | CVC4
10 TFALS 10 0922 1201 010 20150708 14FF
Solvedise 126150 116150 1141350 81150 601350 121350 100150 84150
Av. CPU Time 16.04 2427 15.09 34.69 17.19 14.23 22.18 16.64
Solutions 126150 1161350 1141350 8lis 601350 121350 0150 013
pEfficiency 354 253 257 100 88 55 106 213
SOTAC 0.24 0.24 0.23 0.18 0.16 0.17 0.20 0.20
Core Usage 0.93 0.95 0.93 1.24 1.13 0.93 1.63 0.93
New Solved 4 3 4 0s 25 25 03 45
CVC4 (ZenonAri Beagle |SPASS+HT| Vampire |Vampired CVC4 | Princess
TFALS 010 0922 120 10 14FF 20150706
Solved:s 355 3535 353 3535 3433 3433 3535 3335
Av. CPU Time 0.00 0.01 0.64 1.11 0.00 0.27 0.00 5.61
Solutions 3555 3535 3555 3535 3433 343 [VE E
pEfficiency 1000 1000 834 500 971 914 100 315
SOTAC 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13
Core Usage 0.00 0.01 0.29 0.45 0.00 0.19 0.00 1.18
New Solved 0o 0o 00 00 0n O 0o 0o
Beagle |ZenonAvilSPASSHT| CVC4 | Vampire |VampireZ 4
0921 010 120 TFALS [ 10
Solvedis 1515 1315 1315 1215 1215 1215
Av. CPU Time 1.20 0.02 1.12 0.00 0.00 0.66
Solutions 1515 1315 1345 1215 1215 1215
pEfficiency 723 867 433 800 800 700
SOTAC 0.25 0.14 0.14 0.13 0.13 0.13
Core Usage 0.50 0.02 0.42 0.00 0.00 0.37
New Solved 0o 0o 00 00 0n O
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Conclusion




Inference rules for integer/rational/real arithmetic

Proof search algorithm

Implementation as a Zenon extension

Backend to output Coq proof certificates
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Simplex optimizations (Gomory's cuts)

Mixed problems (integer/rationals)

Alternation of quantifiers

Non-linear arithmetic

Better support for uninterpreted functions and predicates
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Questions 7
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