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Introduction

Why linear arithmetic ?

• Used natively in programs

• Used in formalization of compiler optimizations

• Decidable
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Loop Optimization

Simple loop

fo r ( i =1; i <=10; i++)
a [ j+i ]=a [ j ] ;

Optimized loop

tmp = a [ j ] ;
fo r ( i =1; i <=10; i++)

a [ j+i ]=tmp ;

` ∀i ∈ Z, 1 ≤ i ≤ 10⇒ j 6= j + i
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Goals

Prove two kinds of formulas:

• Universally quantified:
∀uvw ∈ Z, 2u + v + w = 10 ∧ u + 2v + w = 10⇒ w 6= 0

• Existentially quantified: ∃x ∈ Q.x ≥ 0 ∧ x ≥ 42
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The Simplex Algorithm



General form

A linear system in general form has two types of constraints :

1. Equations of the form : v =
∑

i aixi , ai ∈ Q

2. Bounds on variables : li ≤ v ≤ ui , li , ui ∈ Q ∪ {−∞,+∞}

The simplex returns:

• either a solution for the system

• or an unsatisfiability certificate
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Unsatisfiability Explanation

An unsatisfiability certificate for a system S is a deducible linear
expression x =

∑
i aiyi , that verifies:

• There exists b s.t. x ≥ b ∈ S

• There exist li , ui s.t. for all i :
• if ai > 0 then yi ≤ ui ∈ S

• if ai < 0, then yi ≥ li ∈ S

•
∑

ai>0 aiui +
∑

ai<0 ai li < b

So that:

b ≤ x =
∑
ai>0

aiyi +
∑
ai<0

aiyi ≤
∑
ai<0

aiuyi +
∑
ai>0

ai lyi < b
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The Tableau Method



Closure and Analytical Rules

⊥�⊥ �
P,¬P� �

P ∧ Qα∧
P,Q

P ∨ Q
β∨ P Q
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Rules for quantifiers

∃x ,P(x)
δ∃

P(ε(x).P(x))

¬∀x ,P(x)
δ¬∀ ¬P(ε(x).¬P(x))

∀x ,P(x)
γ∀

P(X )

¬∃x ,P(x)
γ¬∀ ¬P(X )
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Proof example

` ∃y , ∀x , p(y)⇒ p(x)

¬∃y .∀x .p(y)⇒ p(x)
...
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Proof example

` ∃y , ∀x , p(y)⇒ p(x)
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Unsat Systems



Unsat Rules – Pre-processing

a ./ bConst �
a = bConst �

e = e ′Eq
e ≤ e ′, e ′ ≤ e

e 6= e ′
Neq

e < e ′ e > e ′

¬e ./ e ′Neg
e ./ e ′

e < fInt-Lt
e ≤ f − 1

e > fInt-Gt
e ≥ f + 1

./∈ {<,≤, >,≥}
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Unsat Rules – Simplex Explanations

e ./ cVar s freshs = e, s ./ c

e1 = 0, . . . , en = 0
Simplex-lin ∀i , ai ∈ Q∑n

i=1 aiei = 0

xj ≤ uj |j ∈ N+, xj ≥ lj |j ∈ N−, x =
∑

j∈N+∪N− ajxj
Leq

aj > 0, j ∈ N+

aj < 0, j ∈ N−x ≤
∑

j∈N+ ajuj +
∑

j∈N− aj lj

x ≤ k , x ≥ k ′
Conflict k < k ′ numeric constants�

11/24



Branch & Bound

• Run the simplex algorithm on S .
• If the system is unsatisfiable, return UNSAT
• If the system has a solution :

• If a non-integer value v is assigned to a variable x , call the
branch-and-bound twice, with the systems, S ∪ {x ≤ bvc} and
S ∪ {x ≥ bvc+ 1}. If both are unsat, then return UNSAT

• If all the variables have an integer assignment, return SAT

New inference rule :

Branch k ∈ Z
x ≤ k x ≥ k + 1
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Example

¬∀uvw ∈ Z, 2u + v + w = 10 ∧ u + 2v + w = 10⇒ w 6= 0
......
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Finding Instantiations



Problem with Instantiation

` ∃x ∈ N, x ≥ 0 ∧ x ≥ 42

¬∃x ∈ N, x ≥ 0 ∧ x ≥ 42
γ¬∃M ¬(X ≥ 0 ∧ X ≥ 42)
β¬∧ ¬X ≥ 0

Neg (≥)
X < 0

Int-Lt
X ≤ −1

¬X ≥ 42
...
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Closing multiples branches

Idea: Close all open branches simultaneously

Φ
...

ϕ(1,1), . . . , ϕ(1,m1)

...
. . .

...
ϕ(n,1), . . . , ϕ(n,mn)

Satisfy a set E such that:

∀i ∈ {1, . . . , n}, ∃j ∈ {1, . . . ,mi},¬ϕ(i ,j) ∈ E
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Instantiation – Example

` ∃x ∈ Z, (x ≥ 0 ∨ x ≥ 1) ∧ (x ≤ −1 ∨ (x ≥ −5 ∧ x ≤ 0))

¬∃x ∈ Z, (x ≥ 0 ∨ x ≥ 1) ∧ (x ≤ −1 ∨ (x ≥ −5 ∧ x ≤ 0))

¬ ((X ≥ 0 ∨ X ≥ 1) ∧ (X ≤ −1 ∨ (X ≥ −5 ∧ X ≤ 0)))

¬ ((X ≥ 0 ∨ X ≥ 1))

¬ (X ≥ 0) ,¬ (X ≥ 1)

X < 0
X ≤ −1 *
X < 1
X ≤ 0 *

¬ ((X ≤ −1 ∨ (X ≥ −5 ∧ X ≤ 0)))

¬ (X ≤ −1) ,¬ (X ≥ −5 ∧ X ≤ 0)

X > −1
X ≥ 0 *

¬ (X ≥ −5)

X < −5
X ≤ −6 *

¬ (X ≤ 0)

X > 0
X ≥ 1 *
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Instantiation – Example

[]

[X ≤ −1†;X ≤ 0] [X ≥ 0]

[X ≤ −6†] [X ≥ 1†]

¬


X ≤ −1
X ≤ −6
X ≥ 1

→


X ≥ 0
X ≥ −5
X ≤ 0

Counter-example: X 7→ 0
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Instantiation – Example

¬∃x ∈ Z, (x ≥ 0 ∨ x ≥ 1) ∧ (x ≤ −1 ∨ (x ≥ −5 ∧ x ≤ 0))
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�
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Benchmarks



TPTP: ARI section

Prover Problems
solved % Avg

Time (1)

Avg
Time (2)

Zenon (arith.) 459 92% 0.05 s 0.05 s
Princess 491 98% 4.34 s 4.52 s
Beagle 495 99% 1.37 s 1.32 s

• (1) Average time on all 500 problems

• (2) Average time on the 453 problems solved by all provers

Zenon outputs Coq proof certificates for all solved problems.
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Cumulative times
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CASC 25 - Results
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Conclusion



Results

• Inference rules for integer/rational/real arithmetic

• Proof search algorithm

• Implementation as a Zenon extension

• Backend to output Coq proof certificates
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Perspectives

• Simplex optimizations (Gomory’s cuts)

• Mixed problems (integer/rationals)

• Alternation of quantifiers

• Non-linear arithmetic

• Better support for uninterpreted functions and predicates

23/24



Questions ?
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Definition: Covering Tree

Given a tree T labelled with set of formulas, and a set of formula
E , the set of nodes of T covered by E is the least set of nodes n
such that :

• Either label(n) ∩ E 6= ∅ (we say the node is directly covered)

• Or all children of n are covered by E

E covers T iff it covers the root of T .
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Enumeration of covering sets

A sufficient set of covering sets for a tree T can be enumerated:

cover(T ) = {{f } | f ∈ label(T )} ∪ {
⋃

1≤i≤n
si | si ∈ cover(T [i ])}

with

• label(T ) the label of the root of T
• T [i ] the i-th children of the root of T .
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